The concept of scaling algebra provides a novel framework for the general structural analysis and classification of the short distance properties of algebras of local observables in relativistic quantum field theory. In the present article this method is applied to the simple example of massive free field theory in s = 1, 2 and 3 spatial dimensions. Not quite unexpectedly, one obtains for s = 2, 3 in the scaling (short distance) limit the algebra of local observables in massless free field theory. The case s = 1 offers, however, some surprises. There the algebra of observables acquires in the scaling limit a non-trivial center and describes charged physical states satisfying Gauss' law. The latter result is of relevance for the interpretation of the Schwinger model at short distances and illustrates the conceptual and computational virtues of the method.
Introduction
The structure of local observables in relativistic quantum field theories at short distances is in many respects of physical interest. It is of relevance for the interpretation of physical states at small spacetime scales, the classification of the possible ultraviolet properties of local observables and the clarification of the corresponding algebraic structures. One may also hope that a general model-independent understanding of this issue will shed light on the constructive problems in local quantum physics [10] .
A promising step towards the solution of these problems has been taken in [8] , where the basic ideas of renormalization group theory have been adapted to the Haag-Kastler framework of relativistic quantum field theory. It was shown in this analysis that to each algebra of local observables there exists an associated scaling algebra on which renormalization group (scaling) transformations act in a canonical manner.
With the help of this device one can define and classify the scaling limit of any given theory [8] , analyze the relation between phase space properties and the nature of the scaling limit [2] and introduce concepts for the description of the particle and symmetry features of a theory at small scales [3] .
It is the aim of the present article to illustrate the computational aspects of this method by applying it to the simple case of the theory of a massive free scalar field in s spatial dimensions. Following is a very brief outline of our results; a more detailed summary will be given at the end of this introduction.
It turns out that, in the cases s = 2, 3, one obtains in the scaling limit the algebra of observables in the corresponding massless free field theories. Thus, according to the classification in [8] , these theories have a unique quantum scaling limit. Thinking of the conventional field-theoretic approach to the renormalization group, this result may not be unexpected. Nevertheless it is of interest since it illustrates the basic message of [8] that for the short distance analysis one need not exhibit specific renormalization group transformations. It is sufficient to identify the observables at different scales by considering operator-functions of a scaling parameter which have a few general properties and which exist in abundance. This somewhat abstract approach has the virtue of being model independent, but it is still sufficiently concrete in order to carry out explicit computations.
In the case of free field theory in s = 1 spatial dimensions, where the conventional field theoretic approach to the short distance analysis is hampered by infrared problems, the method of the scaling algebra reveals its full strength. There it turns out that the algebra of observables in the scaling limit is a (central) extension of the algebra generated by the massless free field in exponentiated Weyl form. The presence of a center shows that, for s = 1, the vacuum states appearing in the scaling limit can be mixed, in contrast to theories in higher dimensions, where these states are always pure [8] .
More interestingly, the present method allows one to exhibit in the scaling limit physical states carrying a (global) gauge charge in the sense of [5] for which Gauss' law holds. This result provides a marked illustration of the fact that the charge structure of a theory may differ substantially from that of its scaling limit. It is in particular of relevance for the interpretation of the Schwinger model where the algebra of the local (gauge-invariant) observables is known to be isomorphic to that generated by a free massive field [11] . Thus, whereas this theory does not have any charged superselection sectors at finite scales, there appear physical states in the scaling limit carrying an "electric charge". The presence of these states may be interpreted as a manifestation of "partons" in the Schwinger model, i.e. observable particle-like structures appearing at small spacetime scales which have no counterpart at large scales. For a more detailed discussion of this issue and its relation to the notion of confinement, cf. [3] .
Hence, even though the models underlying our present investigation are rather trivial, the results nicely illustrate and exemplify various points in the abstract analysis carried out in [8] .
For the convenience of the reader we recall in the remainder of this introduction various notions and results from [8] and establish our notation. The method of the scaling algebra relies on the following fundamental properties of any physically acceptable theory [10] . 2. (Covariance) The Poincaré group P ↑ + is represented by automorphisms of the net. Thus for each (Λ, x) ∈ P ↑ + there is an automorphism α Λ,x ∈ Aut A such that, in an obvious notation,
for any double cone O. In [8] this fundamental postulate was amended by the condition that for each A ∈ A the function (Λ, x) → α Λ,x (A) is strongly continuous. In the present analysis we require continuity only with respect to the translations.
3. (States) The physical states are described by positive, linear and normalized functionals ω on A. By the GNS-construction, any state ω gives rise to a representation π ω of A on a Hilbert space H ω , and there exists a unit vector Ω ω ∈ H ω such that
States describing the vacuum are distinguished by the fact that, on the corresponding Hilbert space H ω , there is a continuous unitary representation U ω (Λ, x) of P ↑ + which leaves the unit vector Ω ω invariant, satisfies the relativistic spectrum condition (positivity of the energy) and implements the action of P ↑ + on the observables,
Any state of physical interest is assumed to be locally normal to the vacuum state (i.e. its restriction to any local algebra can be represented by a vector in the Hilbert space of the vacuum representation, cf. [10, Sec. V.2]).
We amend these physically well-motivated assumptions by a condition of a more technical nature in order to simplify the subsequent discussions. Namely we assume that the local algebras are continuous from the outside, ) which has all the desired properties, as is easily checked. In view of this simple fact we may assume without essential loss of generality that all local nets appearing in our analysis are continuous in the sense of relation (1.5) . Within this setting the short distance analysis is carried out as follows. One first proceeds from the given net and automorphisms (A, α) at spacetime scale λ = 1 (in appropriate units) to the corresponding nets (A λ , α (λ) ) describing the theory at arbitrary scale λ ∈ R + . This is easily done by setting for given λ > 0
The identification of observables at different scales can then be accomplished by considering functions A of the scaling parameter λ > 0 whose values A λ are to be interpreted as observables in the nets (A λ , α (λ) ), λ ∈ R + . Clearly, any such function A establishes some relation between observables at different scales. With this simple idea in mind one is led to the concept of scaling algebra A which consists of certain specific functions A : R + → A with properties described below. The algebraic operations in A are pointwise defined by the corresponding operations in A λ , λ ∈ R + , and there is a C * -norm on A given by
(1.7)
The local structure of A is lifted to A by setting
Hence O → A(O) is a local net over R 1+s and A is defined as its C * -inductive limit. One can also lift the action of the Poincaré group in the underlying theory to a corresponding action of automorphisms α Λ,x on A, which are given by
It is crucial to demand that A consists only of elements on which the translations act strongly continuously, i.e. for each A ∈ A there holds
Heuristically speaking, the latter constraint amounts to the condition that, for given A, the operators A λ occupy, for all values of λ, certain regions in "phase space" with a fixed volume [8] . Hence, whereas the scale of spacetime changes along the graph of A, the scale of action is kept fixed. In [8] it was assumed that also the Lorentz transformations act in a strongly continuous manner on A; yet in order to simplify the discussion we do not impose this stronger condition here and consider the somewhat larger scaling algebra A consisting of all functions satisfying the preceding, weaker conditions. It should be emphasized that this algebra is fixed by these conditions once a local net (A, α) is given.
The structure of the physical states ω in the underlying theory at small spacetime scales can now be analyzed as follows. Given ω one defines a lift of this state to the scaling algebra at scale λ ∈ R + by setting
(1.11)
Let (π λ , H λ ) be the GNS-representation of A which is fixed by ω λ . Then one considers the net
where ker means "kernel" and α (λ)
Λ,x is the induced action of the Poincaré-transformations α Λ,x on this quotient. This net is isomorphic to the theory (A λ , α (λ) ) at scale λ [8] .
We recall in this context that two local nets (A a , α (a) ) and (A b , α (b) ) are said to be isomorphic if there exists an isomorphism φ :
Λ,x • φ; isomorphic nets describe the same physics.
With these preparations one is led to the following canonical definition of the scaling limit of a theory. One first considers the set SL(ω) of limit points (in the weak-*-topology) of the net of states {ω λ } λ>0 for λ → 0. This set of states is always non-empty by standard compactness arguments. We denote the elements of SL(ω) by ω 0,ι , where ι is an element of some index set, and recall that ω 0,ι ∈ SL(ω) means that there exists some directed set K (depending on ι) such that, for some net of scaling parameters λ κ , κ ∈ K , which converges to zero, one has
Thus, roughly speaking, the sequence of states ω λ need not converge for λ → 0, but there exist always convergent subsequences. The following general facts about the scaling limit states ω 0,ι have been established in [8] .
1. SL(ω) does not depend on the chosen physical (locally normal) state ω.
2.
Each ω 0,ι ∈ SL(ω) is a vacuum state on A. (In the present, more general setting one has, however, no control on the continuity properties of the Lorentz transformations.)
With this information it is clear how to define, in analogy to the case of finite scales, theories associated with the scaling limit λ → 0. Picking ω 0,ι ∈ SL(ω) one proceeds to its GNS-representation (π 0,ι , H 0,ι ) and defines the net and automorphisms
where α (0,ι)
Λ,x denotes the induced action of α Λ,x on the quotient net. This net has the same general properties as the underlying theory (possibly apart from outer continuity; in that case we pass to the regularized net without further mentioning).
We mention as an aside that in our computations we will frequently make use of the general fact that the abstract net defined in (1.14) is isomorphic to the concrete net of C * -algebras and automorphisms given by
where U 0,ι (Λ, x) are the unitaries representing the Poincaré group on H 0,ι . Given these results, there arises the interesting problem of whether the nets (A 0,ι , α (0,ι) ) depend on the choice of the state ω 0,ι ∈ SL(ω). As was discussed in [8] , there are the following possibilities.
1. All nets (A 0,ι , α (0,ι) ) are isomorphic to the trivial net (C 1, id), where id denotes the trivial automorphism ("classical scaling limit").
2. All nets (A 0,ι , α (0,ι) ) are isomorphic and non-trivial ("unique quantum scaling limit"). If the respective isomorphisms connect also the vacuum states ω 0,ι , one has "a unique vacuum structure in the scaling limit".
3. Not all of the nets (A 0,ι , α (0,ι) ) are isomorphic ("degenerate scaling limit").
Which case is at hand depends of course on the underlying theory. As was argued in [8] , case 2 may be expected to hold in many theories of physical interest. In spite of the existence of an abundance of scaling limit states ω 0,ι , which may be attributed to the fact that the scaling algebra A contains the orbits of local observables under arbitrary renormalization group transformations [8] , these theories have a well-defined and non-trivial scaling limit. Phrased differently, in this generic case it does not matter which renormalization group transformation one uses in order to determine the scaling limit, all transformations yield the same result. The same remark applies to theories leading to case 1, for which the scaling limit is trivial. It is only for theories corresponding to case 3 that the short distance structure cannot be described by a single net. For a tentative physical interpretation of these cases see [8] . Examples of nets with such remarkable short distance properties will be presented elsewhere [7] .
In the present investigation we will apply this scheme to the nets (A (m) , α (m) ) generated by the free field of mass m in s spatial dimensions. These nets will be introduced in Sec. 2 as concrete operator algebras in some "standard representation" which differs from the familiar Fock representation but will be convenient for the present analysis since it accommodates the free nets of arbitrary mass in a transparent manner. In Sec. 3 we will analyze the structure of the scaling limit nets (A (m) 0,ι , α (m;0,ι) ) in the cases s = 2, 3 and show that they are isomorphic to the net (A (0) , α (0) ) generated by the free massless field and that the isomorphisms connect the respective vacuum states. Hence, in this specific sense these theories have a unique quantum scaling limit and vacuum structure in this limit.
The case s = 1 is treated in Sec. 4, where we show that, as already mentioned, the algebras A left spacelike complement of some sufficiently large double cone. But they are disjoint from the vacuum on the algebra of observables of the full spacelike complement of any double cone, no matter how large. Therefore one can determine the charge of these states in the spacelike complement of any bounded region and this fact may be regarded as an algebraic version of Gauss' law. The article concludes with a list of open problems which are outlined in Sec. 5.
Standard representations of free fields
We deal in the present article with the theories of the free scalar field of arbitrary mass. It is therefore convenient to employ the formulation of free field theory based on the time zero fields and their canonically conjugate momenta since they do not depend on the mass.
We introduce the fields and conjugate momenta in exponentiated form by considering the unitary operators W (f ), where f is any element of D(R s ), the space of complex valued test-functions with compact support in the configuration space R s . The canonical commutation relations then turn into the Weyl relations
where the symplectic form σ is given by
The *-algebra generated by all Weyl operators is denoted by W. On W we introduce various automorphisms of geometrical significance. The action of the spatial translations R s on the Weyl operators is given by
where (τ x f )(y) := f(x − y). For given mass m ≥ 0, we define corresponding time translations by setting It is apparent that the automorphisms α x and α (m) t commute for arbitrary m ≥ 0. In contrast, the time translations corresponding to different values of m do not commute. In order to simplify notation we put α (m)
In a similar way one can introduce a mass dependent action α (m) Λ of the Lorentztransformations on W, but we dispense with giving explicit formulas. We will also need the action of length scale transformations (dilations) on W. They are fixed by setting
It is straightforward to establish the following relation between the Poincaré-transformations and dilations:
Next we introduce the vacuum states on W corresponding to the different time evolutions. Given m ≥ 0, we put
where (excluding the singular case s = 1, m = 0)
and µ m,p := √ p 2 + m 2 . The extension of ω (m) to W is fixed by linearity and describes the vacuum state in the theory of mass m. There holds in particular
The present analysis is greatly simplified by the following result due to Eckmann and Fröhlich [9] . In its formulation there enter the sub-algebras W(G) of W which are assigned to the regions G ⊂ R s and are generated by all Weyl operators W (g) where g are test-functions with supp g ⊂ G. This result and the local action of the spacetime transformations allow one to describe and analyze the nets of local von Neumann algebras generated by the various free fields of different mass in a fixed "standard representation" of W which is induced by any one of the vacuum states. In the subsequent section we treat the cases s = 2, 3 and take as a standard state the m = 0 vacuum, whereas in our discussion of the case s = 1, we fix some vacuum state with m > 0. In order to simplify notation, we use the symbol W (f ) also for the concrete Weyl operators in the GNS-representation of W induced by the chosen standard state.
Within the chosen standard representation we can define the net of local von Neumann algebras on Minkowski space corresponding to the theory of mass m as follows. Given any double cone O 0 ⊂ R 1+s with base G in the time t = 0 plane and any Poincaré transformation Λ, x, we set 
(2.12)
Note, however, that for m different from the mass of the chosen standard state the time translations α 
whenever O 0 is some double cone with base at t = 0 which contains O. Moreover, choosing ω (0) as the standard state in the cases s = 2, 3, we are able to use in the analysis of the massive theories the invariance of ω (0) under the dilations σ λ , and their covariant action on the massless net,
Since the scaling limit of a theory does not depend on the choice of a locally normal state [8] , the present setting proves to be most convenient.
As was mentioned in the Introduction, the short distance analysis of a local net of von Neumann algebras requires the passage to a corresponding subnet of C *algebras consisting of operators which transform strongly continuously under the action of Poincaré transformations or, more generally, spacetime translations. We restrict attention here to the latter case and consider for fixed m the weakly dense subnet of O → R (m) (O) given by Λ,x and, in the case m = 0, also under dilations σ λ . Its C * -inductive limit is denoted by A (m) and the various vacuum states extend to this algebra by local normality under the conditions stated in Proposition 2.1. We also note that the algebras A (m) (O) are continuous from the outside,
as a consequence of the outer continuity of the von Neumann algebras R (m) (O). We emphasize, however, that because of the continuity requirement in (2.15) it is no longer true that the algebras A (m) (O 0 ) coincide for different m and fixed double cones O 0 based at time t = 0, in contrast to their weak closures.
3 Computation of the scaling limit for s = 2, 3
In the present section our objective is to prove the following result which provides full information about the scaling limit theories of the free scalar fields of any mass in three-and four-dimensional Minkowski-spacetime. Remark. This result implies that, according to the classification in [8] , these free field theories have a unique quantum scaling limit with a unique vacuum structure. A similar theorem holds for the scaling limit theories of the local nets if one imposes the continuity requirements (2.15) and (1.10) for the whole Poincaré group.
The proof of this result proceeds in several steps. To begin with we recall (cf. the discussion in Sec. 2) that we are working in the standard representation of W which is induced by the mass zero vacuum state ω (0) . Now let ω (m) 0,ι be a scaling limit state of ω (m) , so that
for a suitable subnet λ κ , κ ∈ K , of positive real numbers converging to 0. We denote the GNS-representation of ω (m) 0,ι by (π 0,ι , H 0,ι , Ω 0,ι ). It is our aim to show that the required net-isomorphism φ is obtained by assigning to π 0,ι (A), A ∈ A (m) (O), the operators
We must demonstrate that the assignment (3.2) is well-defined and has the properties needed of a net-isomorphism. To begin with, we list some useful auxiliary results. given by
where the integral is to be understood in the weak sense. Then W ∈ A (m) (O 0 ) for some double cone O 0 based on the time t = 0 plane. Moreover,
in the strong-operator topology.
Proof of Lemma 3.2. (a) In view of the facts that ω (m) • σ λ = ω (λm) and ω (0) is invariant under the action of the dilations σ λ , statement (a) is equivalent to
Since one has λ>0 R (0) (λO) − = C1 on general grounds [13] , relation (3.5) follows from an argument by Roberts [12] because ω (m) is locally normal to ω (0) , cf. also [8] .
(b) By construction, W is obtained through convolution (with respect to the lifted action α (m) x ) of the uniformly bounded function λ → σ λ (W (f )) and a test-function h. Thus it is strongly continuous with respect to the action of α (m)
x . As a consequence of (2.13) and the support properties of f and h one observes that W λ ∈ R (m) (λO 0 ) for some double cone O 0 based on the time t = 0 plane. Hence, in view of the continuity properties of W with respect to the translations there holds W ∈ A (m) (O 0 ).
For the final part of the statement we note that for all x = (t, x) ∈ R 1+s one has
By an application of the dominated convergence theorem one concludes that one has lim λ→0 || (τ 
Here, the second equality results from ω (m) • σ λ = ω (λm) , the third follows from Lemma 3.2(a) and the fact that
for some fixed double cone O 0 and all λ > 0, and the last equality is obtained from Lemma 3.2(b). Now notice that the linear combinations of the W 0 of the form of (3.4), as h and f vary, are dense in R (0) (O). Since ω (0) has the Reeh-Schlieder property (the corresponding GNS-vector is cyclic and separating for all local algebras R (0) (O)), it follows from (3.7) that w − lim κ σ −1 λκ (A λκ ) exists. Moreover, since
the map φ in (3.2) maps 0 to 0 and hence is well-defined and linear. It is also *-preserving since the *-operation is continuous in the weak topology. One also has
which already shows that φ connects ω (m) 0,ι and ω (0) . In the next step, we will establish the intertwining relation φ(α (m;0,ι)
x (π 0,ι (A))) = α (0)
x (φ(π 0,ι (A))) , A ∈ A (m) . x (W 0 ) in the strong operator topology. Making use of this we are led to the following chain of equations, valid for each x ∈ R 1+s :
where in each line, O(1) denotes some function of λ κ which tends to 0 as λ κ → 0. For the first equality in (3.11) we have used eq. (2.8), the second follows from Lemma 3.2(b), the third from Lemma 3.2(a). One passes to the fourth equality by invariance of the states under the corresponding action of the dynamics, and to the fifth by using again Lemma 3.2(a). The sixth equation is obtained from Lemma 3.2(b), and the last equality makes again use of the invariance of the state under the action of the translations. The desired relation (3.10) then results in the limit λ κ → 0, using again the fact that the span of the W 0 is dense in R (0) (O), and that Ω (0) has the Reeh-Schlieder property.
In a similar way one can establish the corresponding intertwining relations for the Lorentz transformations. Now we want to show that the map φ is also multiplicative. At this point we make essential use of the fact that the massless free scalar field theory in 1 + s -dimensional Minkowski spacetime satisfies, for s = 2, 3, the Haag-Swieca compactness condition [6] . We aim at proving Lemma 3.3 For all local A, B ∈ A (m) it holds that φ(π 0,ι (A)) φ(π 0,ι (B)) = φ(π 0,ι (A)π 0,ι (B)) . 
To this end we make use of the following result in [4] which is a consequence of the positivity of energy: For any given δ > 0, there is some continuous, rapidly decaying function f : R → R such that
holds for all pairs of operators A, B which satisfy [α 
for some f as above. The crucial point here is that, since w − lim κ B κ exists and since B κ ∈ R (0) (O B ), there exist also the strong limits s − lim κ f (H 0 )B κ Ω (0) and s − lim κ f (H 0 ) * B * κ Ω (0) because of the Haag-Swieca compactness for the massless free scalar field. This entails that one may pass from the double limit in (3.15) to the associated diagonal limit, i.e.
exists and equals the expression on the right hand side of (3.15).
Since
relation (3.13) is thus established. In a second step, we shall extend the relation (3.13) to arbitrary local operators A, B. Here we make use of the general fact that any scaling limit theory is translation covariant and fulfills the spectrum condition [8] . For the case at hand this implies that the function
is the boundary value of an analytic function in the forward tube R 1+s + iV + . The same holds for the function
Since the operators A and α (m) x (B) are, for sufficiently large spacelike x, localized in disjoint double cones O A and O B as in the preceding step, we may then appeal to (3.13) to conclude that
for some open set of translations x. By analyticity, we then obtain F (x) = G(x) for all x ∈ R s , implying (3.13) for arbitrary local operators A, B. Finally, (3.13) must be generalized to the operator identity (3.12) . Let W be of the form (3.3) . Due to the strong-operator convergence of the families σ −1 λ (W λ ) as λ → 0, there holds for each A ∈ A (m) (O) the following restricted form of multiplicativity of the map φ: φ(π 0,ι (W ))φ(π 0,ι (A)) = φ(π 0,ι (W )π 0,ι (A)) (3.21) and similarly φ(π 0,ι (A))φ(π 0,ι (W )) = φ(π 0,ι (A)π 0,ι (W )) . Therefore, when W is also of the form (3.3) and when the A and B in (3.13) are replaced by W · A and B · W , respectively, we conclude that with W 0 , W 0 as in (3.4 )
Then the equation (3.12) results again from the fact that the linear span of the elements W 0 , W 0 is dense in the local von Neumann algebras R (0) (O), and from the Reeh-Schlieder property of ω (0) . This completes the proof of the multiplicativity of the map φ.
It remains to be shown that φ maps A (m) 0,ι (O) onto A (0) (O) for all double cones O. We will prove this first for all O 0 based on the time t = 0 plane.
Let A ∈ A (0) (O 0 ), choose some function h ∈ D(R 1+s ), and define the function
(3.24) 
In the preceding chain, the first equality is derived by means of Lemma 3.2(b), the second by Lemma 3.2(a), and the third uses the invariance of ω (λm) under the translations α (λm)
x . The fourth equation is implied by Lemma 3.2(a) and the last one follows on account of Lemma 3.2(b). Falling back on the by now familiar argument that the span of elements W 0 is weakly dense in R (0) (O 0 ), the just obtained equalities entail that
27)
Since A and h were arbitrary we see that φ(A (m) 0,ι )Ω spans H (0) , the standard Hilbert space. Hence, because of the algebraic properties of φ and (3.9), φ is in fact given by the adjoint action of a unitary H 0,ι → H (0) defined through the assignment π 0,ι (A)Ω 0,ι → φ(π 0,ι (A))Ω. Therefore, φ is in particular injective.
If one takes now a sequence h n of test-functions approaching the Dirac-measure δ, one has φ(π 0,ι (A (hn) )) → A for n → ∞ in norm since A ∈ A (0) (O 0 ) is, by the very definition of the algebra A (0) (O 0 ), an element on which the translations α (0)
x , x ∈ R 1+s , act strongly continuously. This shows that, for each pair O 0 
(3.28) and because of the injectivity of φ we conclude that
The required equality φ(A 
Construction of charged states for s = 1
As we shall see, the properties of the scaling limit theory of the free massive scalar field in two-dimensional Minkowski-spacetime are in several respects different from the case in three-and four-dimensional Minkowski-spacetime. First, while the vacuum states appearing in the scaling limit are always pure in s ≥ 2 dimensions [8] , the present model in s = 1 dimension provides an example where these states are mixed. Second, there appear charged states in the scaling limit whose restrictions to the algebras of both, the right and left component of the spacelike complement of a double cone region, coincide with the vacuum. But their restriction to the algebra of the full spacelike complement is disjoint from the vacuum. Hence these states carry a gauge charge in the sense of [5] . As was discussed in [3] , there holds Gauss' law for this charge. These results will be formulated more precisely in the following theorem. The remainder of this section is devoted to the proof of these statements.
Let m > 0 be given. We choose the Fock-representation induced by ω (m) as our standard representation. The corresponding GNS-vacuum vector will be denoted by Ω (m) .
To prove (a), we define for arbitrary h ∈ D(R 2 ) and real-valued f ∈ D(R),
Moreover, there hold the following relations:
(4.4) Equation (4.2) can be derived as follows. Inserting the expression for C (h) into the vacuum state yields
where we used the invariance of the vacuum under translations. For the term in the exponential we obtain by partial integration
where we made use of the fact that p → |f (p)| 2 is symmetric since f is real. Since f is a test-function, relation (4.2) then follows. For the proof of (4.3) and (4.4) one has also to make use of the Weyl-relations and the specific form of the action of the translations on the Weyl-operators. Otherwise the reasoning is completely analogous. Now let (π 0,ι , H 0,ι , Ω 0,ι ) denote the GNS-representation of ω (m) 0,ι , and C (h) 0,ι := π 0,ι (C (h) ). We want to show that C x (C (h) ) = C (hx) where h x (y) = h(y − x) denotes the translate of h. Moreover, it is easily seen that C (hx) − C (h) = C (hx−h) . Hence we have, by (4.4) ,
for some double cone O x , and since Ω 0,ι is separating for these local algebras [8, Lemma 6.1], the last equality entails that C 
Part (a) of the theorem is thereby proved. We note that the appearance of a non-trivial center in the scaling limit may be attributed to the fact that the massive free field in two dimensions contains an anomalous classical part, cf. [3] .
Let us now turn to the proof of part (b) of the theorem. For given h ∈ D(R 2 ) and f ∈ D(R) we define W λ (f ) := σ λ (W (f)) and
(4.9)
Whereas the scaling algebra contains only these regularized Weyl-operators, one can recover from them the non-regularized Weyl-operators in the scaling limit. This is shown in the subsequent lemma. exists in the strong operator topology and, for the net λ κ , κ ∈ K , used in the construction of ω Since ω (m) • σ λ = ω (λm) and in view of (2.8) , this amounts to showing that
For the latter it is sufficient to show that
But for all x = (t, x) ∈ R 2 and 1 > λ > 0 one obtains
hence (4.13) is established. Now let f ∈ D(R) be given. For ε > 0, we choose some n ∈ N so that
for |x| < n −1 . Then for all j, k > n we have
Here we used that the integral equals 2 and the support of h j is contained in the ball of radius n −1 for j > n. Since Ω 0,ι is separating for the local von Neumann algebras A (m) 0,ι (O) − , this last estimate shows that π 0,ι (W (h j ) (f )) is strongly convergent to an element in A
To prove (4.11), we note that (4.17) also implies that sup 1>λ>0 || (W
can be made arbitrarily small for sufficiently large j. Relation (4.11) is implied by this fact. Now let us turn to proving (4.12). Let f, g ∈ D(R), then W 0,ι (f ) and W 0,ι (g) are contained in A (m) 0,ι (O) − for some double cone O. With the help of (4.11), when O 1 ∈ O , we obtain for all A ∈ A (m) (O 1 ), Ω 0,ι , π 0,ι (A)W 0,ι (f )W 0,ι (g)Ω 0,ι = Ω 0,ι , W 0,ι (f )π 0,ι (A)W 0,ι (g)Ω 0,ι (4.20)
where we made use of locality and the Weyl-relations. Since Ω 0,ι is cyclic for the C * -algebra generated by {A On the basis of the last lemma, we can define the following two families of unitary operators on the scaling-limit Hilbert space H 0,ι . First, we pick some sequence of real-valued f n ∈ D(R) where f n (x) = q, |x| < n, for an arbitrary real number q and define
(4.21)
Secondly, for any choice of a real-valued w ∈ D(R) with w(x) = 1 for |x| ≤ 1, we consider the sequence of test-functions g n (x) := ∂ x w(x/n), n ∈ N, and define
In the following lemma we collect some properties of these unitaries. and Ω 0,ι , Z (n) w (r)Ω 0,ι = e −(r 2 /4)· dk |k| |w(k)| 2 , r ∈ R, n ∈ N . 
where in the second equality we have used that
for 1 > λ > 0. This holds because both if n and δ λ if n are equal to iq in a neighborhood of the closure of (−λa, λa), and so we see that if n = iχ (λ) n + δ λ if n with a real-valued function χ (λ) n ∈ D(R) having support outside of (−λa, λa). As A λ ∈ A (m) (λO a ), it commutes with W (iχ (λ) n ) and thus the last identity of (4.26) results from the Weylrelations. This argument may also be used to show that W (if n ) * A λ W (if n ), 1 > λ > 0, is independent of n > a. The last equality of (4.25) is then obtained for fixed n > a since the scaling limit of a state locally normal to ω (m) is equal to the scaling limit of ω (m) , cf. [8, Cor. 4.2] . This proves (4.23).
Equation (4.24) is obtained with the help of (4.11) by a straightforward computation,
We note that by construction g n (x) = 0 for |x| < n, hence each weak limit point of Z (n) (r), as n → ∞, lies in the center of A (m) 0,ι − . Drawing on (4.24) it is straightforward to show that these central elements are also different from multiples of the identity.
We construct now a state ω (m) q,ι with the properties as claimed in part (b) of the Theorem. For this purpose, we consider the operators
where the sequence of real-valued u n ∈ D(R) is required to have, for some fixed a > 0, the following properties:
x ≤ −a , independent of n, |x| ≤ a , q , a ≤ x ≤ n a .
(4.29)
Here q = 0 is some real number ("charge") which will be kept fixed in the following. With the help of the operators V (n) q we define the state ω (m) q,ι (π 0,ι (A)) := lim n V (n) q Ω 0,ι , π 0,ι (A)V (n) q Ω 0,ι , A ∈ A (m) . (4.30)
An argument similar to the one used to prove (4.23) shows that for each double cone O in R 2 there exists some number n 0 such that, for each A ∈ A (m) (O), the expression V (n) q Ω 0,ι , π 0,ι (A)V (n) q Ω 0,ι is independent of n for n > n 0 . Therefore, the state ω (m) q,ι exists and is locally normal to the scaling limit vacuum ω (m) 0,ι . If O is a double cone which is contained in O (+) a , we obtain for all A ∈ A (m) (O) and sufficiently large n, V (n)
q Ω 0,ι , π 0,ι (A)V (n) q Ω 0,ι = Y (n) q Ω 0,ι , π 0,ι (A)Y (n) q Ω 0,ι . 
Some open problems
The present investigation of the short distance properties of free field theories has produced some interesting results which corroborate the general ideas expounded in [8] . Yet in spite of the basic simplicity of the underlying class of models there remain some intriguing questions whose understanding seems to be of importance for the treatment of less trivial examples, notably interacting theories.
First, there is the role of dimension. In our computation of the scaling limit of free field theories in Sec. 2 we relied heavily on the fact that the corresponding vacuum states are, in s = 2 and 3 dimensions, locally normal with respect to each other for any value m ≥ 0 of the mass. In s > 3 dimensions this is no longer true because of ultraviolet problems and this fact resembles the situation which one expects to encounter in interacting theories in physical spacetime. There the scaled vacuum states (corresponding to different "running" values of the coupling constants and masses) are most likely locally disjoint. Hence it would be of interest to develop in the simpler case of free field theory in s > 3 dimensions techniques which allow one to compute the scaling limit nets (A (m) 0,ι , α (m;0,ι) ) without relying on local normality. It is clear from our present arguments that also in these models the local algebras A (m) 0,ι (O) and A (0) (O) have large sub-algebras in common which consist of smoothedout Weyl-operators. But this information is not yet sufficient in order to clarify the relation between the respective nets.
Because of similar reasons we neither have an explicit description of the scaling limit theory in s = 1 dimensions, nor do we know whether this scaling limit is unique. If one restricts attention to the sub-algebra of the scaling algebra which is generated by smoothed-out Weyl-operators, then one can show that the resulting subnets of the scaling limit theory are isomorphic to the nets generated by smoothed-out Weyloperators in massless free field theory, tensored with an Abelian algebra [3] . It is an open problem whether an analogous result holds if one starts from the full scaling algebra.
Within the realm of free field theory it would also be of interest to determine the scaling limit of the local net generated by a free massive vector field, which resembles in certain respects the Higgs model. It would be interesting to see whether in the free field case there exist in the scaling limit physical states which carry a charge that is screened at finite scales, similarly as in the Schwinger model.
The real challenge, however, is the short distance analysis of interacting theories with the method of the scaling algebra. There the simplest examples are the P(φ) 2models which are known to be asymptotically free (super-renormalizable) and to have vacuum states which are locally normal with respect to the massive Fock vacuum. Because of this close relationship to free field theory one may hope that the present results will also be of use in the analysis of these more interesting examples.
